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Stern- Gerlach Experiment

what letter
?

L
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-

Sz-

Bra-het notation
• vectors

182+7
• I 7→ het
° L l → bra , gz.> ) States
• represents state in QM
• all info



see
.
- Sz-

Sa-

• I sat7 thought to be composed of only I Szt)

• However
,
we observe IS#7 = x I Sze > tf 152-7
I sat > =L I Sat > tf ISz- 7
I sa-7=8/82-17 t 8/82-7

• Any new direction it passes through causes itto

split , almost ' forgetting its previous States

• superposition of two States

States in a-direction

←
for normalisation

I Sat 7=1%1521-7 try IS 2-7

Isn-7 ¥ IS 247 - false-7

These vectors are set in linear vector space
• Why the - ?



linear vector space
-

us= { 147 , Iva> .
.

.}
A complex nos

Field= {di , dz - - - }
LIV,> → new vector

• info on I hidden in Sa

• basis set : smallest no -
of vectors to span that space

152+7 = ( lo)
ISz- y = (q )

) orthonormal basis
Orthonormal Basis

• Basis is a set of vectors using which any vectors can
be created (linearly independent)

• Let ly> and 1107 be two vectors in a vector space
c-inner product

• for orthogonal , 40143=0 alot)

• for orthonormal
,

<41105=1 ] unit length<4145--1
• just like T and j



• Basis = { Y , V2 , V3}
• Dimensionality : no . of basis linearly independent vectors

4-dimensions :

§) ( Yg ) (§) (Og )
• complex LVS

For linear independence
let 147 , Ivz) . . .

be basis vectors

IV> = LIV,> t LlVa) t - -
-

I 2

4147 t alVat . - -

-
-o

only if

&, =Xz= - - - = O



• Why were 2 dimensions chosen?

• no .
of degrees of freedom

• To represent direction in 3D space , only 2 variables
required CO and 01)

Ket and Bra

I Szt ) = ( f) → net

Itranspose complex)
( Set I = ( I o ) → bra

(complex conjugate)

lol > -- ( za)
< lol = (zit 22*7



Inner Product (Dot Product)

e Culbert space)
(sett o l Sze 7 = cszt / S2- )

I always gives
complex number(Sze / Sz-7

= ( I 0 ) ( f ) = I → unit vector

(Szt I Sz-7

= ( f ) ( O l ) -- o→ normal

LVS

s -- fly, H - - - }
F-- {L , , K , Lz - - - Y

V-- 4147 talent . - - → closed under S

x
, Caz IV 7) = 442T

'



Dual vector space

S -- { cyl , Cvd , cuz I , . .
. )

for every 147 , there exists CV
, I

(%) kit at ,

Distributive Law

< 4144, -1%427
= 4<41417 two1427

Hilbert space
. inner product should exist
e Col 147 → complex no .

" Cully> Zo ← norm

• 40147=444*7
• 144> = alley and 2441 = Lyla*



Back to SG exp.

I set > = if I sat> tfzlsz-S

-

- fall) the = ( i

I sa-7 = try I sat> If 152-7

-

- LYN
ISye > = if I sat7 182-7 = ( !!Ya)

Hy -7=4, I sat>
-il 52-7 = (Iff:)



Eigenvalues

manual:: ::)
I 147=4147

set of 147- eigenvectors
set of d - eigenvalues

eg : A-- [{ 2, ] find eigenvalues and eigenvectors

IA-XI 1=0

I Kil - l: : Il -- I 'a' i:/ - o
C-X)2 - 22=0

I- X = I2

X = It2

d = - I
, 3→ eigenvalues



eigenvectors

l :
' :. I .

- o

case l :

I : :X -

- o

QV, t 2Vz
= O

V
,
= -Vz

eigenvectors : ( Iu) eg (4)
case 2 :

(I :] (Yt) -- o ⇒ -2h two-o

V, = the

eigenvectors :( ye ) eg ( t )



• this means
, any eigenvector x avector - eigenvalue

x the vector

• using this eg ' -

←
operator ,

eigenvalue

[ kill:3 ' 31 ;]
→ eigenvectors

KDU] -- -' ED
• Every matrix has eigenvalues and eigenvectors
e Every observable in QM is a matrix (operator)

operators of Spin States

← eigenvalue
£ I 82+7 = thy 1521-7 → c)

let Sh -

- Ez Laa:: ad:)
ego) 4x4

d

El :"
.

aa.:] "hello)



Ca:)
-

- G ) ⇒ aa:

I 182-7 = -tea 152-7

El:"
.
I:D 19 ) -- Eal :)

Ca:L -

- lil ⇒ ::
Pauli matrix si coperator)

tend to
th'#ol q)

← first Pmaaugim,

leave out→

412

To find Ja

Ja I Sat ) = tl I sat 7

I sat 7=(4%2)



l :: ::X
'

tins
aft -19ft⇐ +⇒1=1 "

Au t912 =/

An tazz = I

c :: ::Kirin -

-
- t't:L

An - An = -I

au - air =L

hi aa:::b si -- (%)



To find Ty
say %) -- t'

asf ? = -Y!
An ti 912 =/ 911 - i 9,2 = - I

Am tiazz = I am -iam = I

911=0 Ay ai
912 = -i am = O

si -- f : i )
sie -- fo, f ) ; si -- f : i ) ; si -- floe , )

Pauli matrix

{in , sj , si it } -- us



e suppose I
' is along ⇒ in SG

z
^

how do you

↳"

q=s→ . E.
imagine?

I y
# oh = Cnn Ny Nz)-
ulol i

.

.

L l

K

e Tais a square matrix ; how do you dot?
In -- Tanxtsynytsznz

in -
- ( o, f) ratio nytfoo) na

na = nsino and; ng -- n sin Osimo; nz
-

- noooo

Tn -- nz na - ing(hating - nz )
In = noooo nsinocoso - insinging(nsinocosotinsinan.no - noooo )



no:÷÷Ym::* ÷::
not important

. use this operator on any vector in any direction
to find eigenvalues and eigenvectors

• we can consider n = I

Sn = also since e-if( sinoeiol -cosa )
Hermitian matrix

. Every observable is a Hermitian

• A matrix A is Hermitian iff

(Att)
'
= A

a-- ca: i
* =L ::* ::

HI . fait ai: -

- f :: I:)Apt



• diagonals always real , eigenvalues always real
• eg : spin matrix shy

sis -- ( f -i)
suit -. :)
Csny'T
'
-

- (g -i) -- I
read Leonard Susskind QM

Az CSz- I Szt > prob - amp - of And in Sz-
given S at

=D

A = cszt I sat> = Cl o ) ( Yyryu) a YR
A's prob . -- 1/2

IA> = 41 ANtar IAD

prob - aka -122*4



Gram-schmidtfrocedure.WS
: ( U, , U2, uz - - -I - not orthonormal basis

create orthonormal basis using cu
, , uh , uz -

- .)

orthonormal Basis Ian>
,
I am >

. -
.

Thronging geeta

Dirac Delta Function

8=0
,
K f- No

82
, x
= Xo

In leibert Space CWS) , 20/14>20
If 9 and 4 are normal, 40147=0

The value of 40/4> cannot be negative



(U, , U2) - not orthonormal

f fuk
→ u ,{ v, ik)

- orthonormal

Take first basis vector 4=4

Find remaining orthonormal vector67

uT=uT ✓ projection of uz on v,

Ti -- th - noose E
-
-Ti - calyx IIVI

→
= it - LY I uz) 147Va -

Cv, Ni )

Q: obtain orthonormal basis from a, - ( f) , U2 -- (f)
MIND -- ( b)
⇒ lug- Curt 147

<Vi Iv ,>

=L: ) - C l 1) ( f )Toil 'd



-
- Cl ) - Clo) -

- Ci)

int

Normalisation

if 10 > = ( ab)
normalisedOT> = 101

RE

IV) = a
,
147 t arena ? t as IVs >
- -

basis vectors
To obtain coefficients of bases,

cu
, IV) = a,

(VaIV ) = Az

(Vg IV > = as



r

General vector IV>

w> z? ai wit
w> = ? wi > ai g operated MN>

- - gives backw> = ⇐ II In w>

Projector operator P

pit
Hermitian caxyt

; p2=pyhomework
I! ( Iv>Cvl) - ( Iv>cull)
= IV> Cvl = It

lol > -

- (%) 147 - ( Bp.)
<4193 - ( pit pit ( ga)

-
- aping
a number

✓
2×2

143401 = ( j! ) Kitai) = (p, a,* prix matrix

2x,
'" putt pet) (operator)



14>Coll as a projection operator
T

Ha:# is:*'T
At-- fatty -- A→ Hermitian (self -adjoint)

Eigenvalues of Hermitian Matrix are REAL and Eigen
wets are orthogonal

← eigenvalue

Alyn> = an 14h>
opera ←Teigen bets

Allum> = am turn > → c)

<cent At= an
't Cyril → ⑦

a)xCyril :
Cyril Allum> -- am Lyn14M) → G)

× Hm?
cymatium> = an't Cyril Ulm> → ④



subtracting ④ from E3)

(am- ant) cynllfm> = 0

caseI
-

min

am -_ ant or Lyn 14ms =o

→
why?
homework

case I
-

man
, positive

can -an't) Cyril yn> = 0

an -- an't → an is real



change of basis
cos01=121

Y R

:
me .-r¥
cosCoto) --RI

R

Em Coto) =Rq
Rfcoso cost - since sing) -- Rae

R ( since cost + alsosing) -- Ry

unitary matrix
out --I
UU
-I
-
-I

ut = u
-I

commutator

[A
, B ] = AB -BA



Anti- commutator

( A , B } = ABtBA

if CA
, B ] = 0 ,

the operators A- and B commute

if AUB are Hermitian and AB - BA is Hermitian,
then CA

,
BT = 0

CAB)t = Bt At
sum ofdiagonal
elements --trace

= Osie -40,6 ) ; si --tf : ji ) ; si --floe , )2 V z

ai si . -4%11: - l : He :D E
-
- f : ⇒ - to :D - to' E
-
-tf . Zi si

CSI Sy] = its



csis.is --¥4: lie.) - lion : -in
-

-¥4: ios - lei -ill
-

- tip ( g. fi ) = hz.si sic
[SI SI] = itIo

is
.
sis ill%) - 1%71191)
'¥1: 'ol - lo. ⇒y
-
-E ( E3)

-

-E " 'Ele, t)
= t -Ei ( i t )

(si sie -- itsy



I = coso since e-if( sinoeiol -cosa )
E- ( suemsooeio, Ings:-411959.io 'IIs:*)
= ( Corot since o =L

° miniature) - ( to Y)

[E 52=125. - site) -- o



Quantumcomputing
• factoring large numbers

classical bit

States : O and I

to represent a single state, one number needed

Qubit

states : 107 = ( '
o) computational" on "

"¥? = (g ) ) braeffnscszt.se,
• both States are well- defined and measurable

• A qubit is represented as

147=2107 tf 117
• To represent a single state , two numbers are
needed .



Entanglement tensor product

BA % to> ④ To , for
too>

1%1×01%1 "'④41=4%1
.

%,
4×1

a
.

" '" lol:D.it :L
.

a. ""l: ' to:L
.

a. 'i3 ' "" (7)
a.

Totally 4 entangled States
.



2-qubit system
147 = d 1007 t p 1017 TV 1107 to 1117
↳angled States /

• 4 complex no .s to represent a state
• Lives in 413 Hibert space .
• Classically , 2-bit systems need 2 no - s to specify state

3-qubit system
, orthonormal

143 = a 10007 t p 10017 t r 10107 t 8 10117
+ E I 1007 t X l 1017 t Y l l l 07 t w 11117

• 23 complex no - s to represent state
• 8-D Vector space, 8 vectors Cbasis)

n-qubit system
• 2h complex coefficients
• 2n vectors
• an dimensional vector space

• to represent 10
"
bits

,
2
"
qubits needed

• with 300 qubits , 2300 a 1090 7 no . of particles
• will collapse to n states



Logiclrates
a check for a no- serially - classically
• check for 6

I→

÷ ÷
- No

→ No

e Quantum

NO t Not . .
.

" "I? ?'" II→ eyese not
1- 0/167 -

-
-

+817) t - -
.

D single qubit gate
is Pauli k Gate

not gate

e -- ( Y f ) → Not

I 107 = I 17

(9 f) lb) -- K)



I 117 = 107

( %) -

- lb)
Cli) Pauli I Gate

flips 117 not 107

E- ( too)
I 103 = 107

ii. e. Kb) -

- Cio ,
I 117 = - 117

( log ) 19 ) -- III
iii) Hadamard Gate -most famous

107 try to> t ¥117

unitary matrix : Ut -- ut



t -- fall 't)
II 107 = try 102 +fall>

Fact f) lb) -- t.li )
-
- fact ) -Half)

if i ,>

" rt to> + fall> - Kay

* little) CI)
Cb ) -Eloi )

-

- fz 102 -fall> ← 15×7

• Every computation in QC needs a new algorithm



-

e Tu SG , if B
'

applied on T for certain t and w,
it can flip to t

Entanglement
✓ separable

147 = 14 , >④1427

any measurement on 14,> doesn't affect 1427

14 ,> = a 107 t b 117 = ( g)
1427 -- c 107 - d l 17 -- (Ed)
14> = 1417④ 1427

i:i÷:H:*
147 = Ac 1007 - ad 1017 t be 1107 - bdl 117

;
s
.

?ppose you measure 4, and it is in 107
A-- l
,
b-- O

• o

'

- ly> = c 1007 - dlo p ← unaffected
= 107 ( c102 - d 117)

u .

'

. 14 , > and 1423 are not entangled .



However
,

14> = a too > + bi , ,>
- entangled

AT T B AT T B
p ( A- 107) = 42 before

PCA→ Ii>) z Yz ] measuring
measure :

PCB→ 107) =/
PC A -7 117) = O

spontaneous parametric Po?wn conversion (SPDC)

huge
hw '

-
-hut

crystal
entanglement

Polarisation of 2 photons



Bell 's Inequality
• Assume hidden variables
• Alan Guth

Civ) controlled NOT gate
control

107#

i. too :÷÷
"

- control
117-

1117

107 -4¥ "07

117
C.NOT

1007 → 1003

1017 -7 1017
1107 → 1117
(117 → 1107

CNOT t Hadamard → universal



on*or too
.

÷ l book
.

wot '"" I¥ ! : l ! ) -- l! )
"" ""

is
.
l l ! ) -- l E )

"" "" -- f : ! ! ! ) (& I . l ! )
way÷



write the truth table for this gate

107-

107-④
← I-qubitH los =#102 tf 117 system

C.NOT (¥1007 1- ¥1107)
← 2-qubit

= fz1002 tight>
system

Grover Algorithm

{ 0 . . . .

2
"
-I } fck) = O

f-Cat) =/

f-Gc)
8 In> = C- I) Ix?

f-fait)
f Ix't> = Et) Ix>



I = 2 Is> Csl - I
← what we want ("yes")

⑦ on 14> = In*7 go back to finding 6
[
superposition

check on IBM website


